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vAbstract
Spacecraft Collision Probability Estimation for Rendezvous and Proximity Operations
by
Michael R. Phillips, Master of Science
Utah State University, 2012
Major Professor: Dr. David K. Geller
Department: Mechanical and Aerospace Engineering
The topic of this thesis is on-board estimation of spacecraft collision probability for orbital
rendezvous and proximity operations. All of the examples shown in this work assume that the
satellite dynamics are described by the Clohessy-Wiltshire equations, and that the spacecraft are
spherical. Several collision probability metrics are discussed and compared. Each metric can be
placed into one of three categories. The first category provides an estimate of the instantaneous
probability of collision, and places an upper bound on the total probability of collision. The second
category provides an estimate of total collision probability directly. The last category uses Monte
Carlo analysis and a novel Pseudo Monte Carlo analysis algorithm to determine total collision
probability. The metrics are compared and their accuracy is determined for a variety of on-orbit
conditions. Lastly, a method is proposed in which the metrics are arranged in a hierarchy such
that those metrics that can be computed quickest are calculated first. As the proposed algorithm
progresses the metrics become more costly to compute, but yield more accurate estimates of collision
probability. Each metric is compared to a threshold value. If it exceeds the limits determined by
mission constraints, the algorithm computes a more accurate estimate by calculating the next metric
in the series. If the threshold is not reached, it is assumed there is a tolerable collision risk and the
algorithm is terminated. In this way the algorithm is capable of adapting to the level of collision
probability, and can be sufficiently accurate without needless calculations being performed. This
work shows that collision probability can be systematically estimated.
(111 pages)
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Public Abstract
Spacecraft Collision Probability Estimation for Rendezvous and Proximity Operations
by
Michael R. Phillips
An increasing number of missions require spacecraft to fly in close proximity. Despite the
technological advances that have made these types of missions increasingly possible there remains a
limit to how accurately the trajectory of a spacecraft can be predicted. As such, one of the main risks
to spacecraft in close proximity is the threat of a collision. Many methods exist for computing the
probability of collision between spacecraft. These methods incorporate the uncertainty in predicting
the spacecrafts motion when computing an estimate. The accuracy and required computation time
of these methods very greatly. A poor estimate of collision risk will not only increase the likelihood
of a collision occurring, it can also carry other negative consequences. One possible side effect is
additional fuel being spent to reduce the threat of a collision which is estimated to be high but in
reality is low. This thesis explores several methods for estimating spacecraft collision probability
and addresses wether each can be used effectively in real time while the spacecraft are on-orbit.
Each of the methods can be placed into one of three categories. The first category of
methods do not directly estimate collision probability. Instead they place an upper limit on what
the actual collision probability can be. The second category are methods which are capable of
directly estimating collision probability over a time interval. The last category uses a common
statistical analysis tool known as Monte Carlo to determine the probability of collision over an
interval of time. This category also includes a novel method called Pseudo Monte Carlo. Each of
the methods are compared and their accuracy are evaluated for a variety of orbit conditions.
Finally, an algorithm is proposed in which the methods are arranged in a hierarchy so that
those methods which can be computed quickest are calculated first. As the proposed algorithm
progresses the methods become more costly to compute, but yield more accurate estimates of
collision probability. The result from each method is compared to a threshold value. If it exceeds
the limits determined by mission constraints, the algorithm computes a more accurate estimate
by utilizing the next method in the series. If the threshold is not reached, it is assumed there is
a tolerable collision risk and the algorithm is terminated. In this way the algorithm is capable
of adapting to the level of collision probability, and can be sufficiently accurate without needless
calculations being performed. This work shows that collision probability can be systematically
estimated.
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1Chapter 1
Introduction
There is a growing need to obtain an estimate of satellite collision probability. This is being
driven by two factors. One factor is the increasing amount of space debris. Another factor is the
relatively recent interest in missions requiring proximity operations including orbit rendezvous and
docking, satellite inspection, and formation flying.
The increase in space debris is partially the result of the increasing number of both active
and retired satellites around the Earth. This had led to an increased desire in industry to establish
regulations for the proper disposal of satellites. Many missions are now required to have a disposal
plan in place before a satellite is ever allowed to enter orbit. Despite this the number of inactive
satellites continues to increase. This is due to satellite malfunction, and the fact that it can take
many years for natural orbit progression to return a dead satellite to the atmosphere. In 2009 a
pair of satellites collided for these very reasons. An inactivate US communications satellite colliding
with an unresponsive Russian satellite.
A second major source of space debris comes from the increasing number of small objects.
These objects can be small pieces that have broken off of a larger satellite or they can be debris that
is left over from satellite and solar panel deployment. The debris produced by satellite collisions
can be attributed to a large percentage of the debris that is currently in orbit around the Earth.
The satellite collision of 2009 resulted in thousands of new pieces of debris. The debris cloud was
initially very localized however due to natural orbit progression this debris cloud is expanding and
will eventually occupy a very large expanse of space. The number of these small objects will continue
to increase for years to come even if no new satellites are launched.
With regards to space debris, satellite collision probability is an important and growing
topic. There are several companies that offer collision probability tracking. Many techniques to
estimate collision probability for the vast majority of orbits already exist. It must be kept in mind
that satellite collision probability analysis does not give a definite answer of whether a collision
will occur. It merely predicts whether a collision is likely to occur or not. Even if the likelihood
2of a collision is low it is inevitable that a collision will eventually occur at sometime. This was
the case with the collision that occurred in 2009. A collision risk assessment was conducted and it
was concluded that the risk was tolerable. This was simply an example of the unlikely occurring
and not something that the assessment tool had deemed impossible. One of the biggest obstacles
to collision probability analysis with regard to orbit debris is the inability to track all the objects
that are in orbit around the Earth. Objects that are too small simply are not tracked even though
they can pose just as great a risk. Additionally, it is computationally intensive to continuously
assess collision risk for hundreds or thousands of objects. Often it is only expensive high priority
spacecraft that are continually monitored.
For space debris, collision risk assessment is usually performed with the assumption that
the relative motion between the two objects of interest is approximately rectilinear in the region of
interest. It is also assumed that the duration of time that the spacecraft spend in close proximity
is very short. These assumptions greatly simplify the collision probability problem. However these
are poor assumptions when applied to rendezvous and proximity operations which is the topic of
this thesis.
A growing interest in missions requiring proximity operations has produced a need to es-
timate collision probability of two or more satellites in proximity to each other. In this case the
relative motion between the spacecraft cannot be assumed to be rectilinear. Additionally the time
period of interest for assessing collision risk can extend for hours. As a result position and velocity
uncertainty errors can vary significantly during the course of an encounter. One approach is to ob-
tain an estimate of collision probability using Monte Carlo analysis. While this method is accurate
it is not computationally efficient. Other methods that will be discussed attempt to extend methods
that are used for the rectilinear case. While these methods can be computed much more quickly
they often lack the accuracy offered by Monte Carlo.
Throughout the thesis, orbit scenarios in which two spacecraft pass by each other with a
high relative velocity will be referred to as the rectilinear case or short-term encounter. Scenarios
in which the spacecraft are in proximity for an extended period of time will be referred to as the
curvilinear case or long-term encounter.
There are several other important terms and concepts that need to be defined. The first
term is conjunction. Conjunction occurs when two objects are within a specified distance of each
3other. Usually this distance is set by a certain number of standard deviations of position error or
uncertainty. Three standard deviations is a common value for defining conjunction.
Another commonly used term is hardbody. The hardbody is defined by the physical di-
mensions of a spacecraft. It is common practice to approximate the hardbody of a spacecraft with
a sphere, and is therefore common to refer to the hardbody radius. If the distance between the
centers of two spacecraft is less then the sum of their hardbody radii, it is assumed that a collision
has occurred. It is also common practice to assume that one of the two spacecraft contains all the
volume and to reduce the other spacecraft to a point. This is done by adding the dimensions of the
two hardbodies together to form one combined hardbody.
Often times the high relative velocity rectilinear case is referred to as “linear” in the literature.
This should not be confused with the term linear as it is typically used to describe dynamics models
such as the CW Equations. The linear CW differential equations in this context are used to model
curvilinear motion. The low relative velocity curvilinear case is often referred to as “nonlinear” in
the literature.
This thesis will provide a summary of the various methods other authors have developed
for estimating spacecraft collision probability. A summary of the various simulation models used
throughout the course of this thesis will be introduced. Next, a thorough description of each
collision probability metric utilized during the research will be presented. These metrics will then
be examined under a variety of orbit conditions, and the results from each of these test cases will
be presented. These results will then be summarized, and recommendations will be for each of the
metrics considered during the research. Finally, any plans for future work will be presented.
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5Chapter 2
Problem Statement
The thesis of this research is that spacecraft collision probability analysis can be conducted
in a robust and efficient manner during rendezvous and proximity operations. This research will
show how the probability of a collision can be estimated in a real-time manner for a variety of
proximity operation scenarios. Additionally, this research will show that a hierarchy of algorithms
can be applied to the problem such that collision probability can be sufficiently estimated without
needless calculations, and that this hierarchy can be utilized for scenarios involving any level of
collision risk. In other words, this research will attempt to show that the probability of collision for
many low risk encounters can be sufficiently bounded with little computational effort, and for cases
where the risk is great a more accurate metric can be utilized to better estimate the probability of
a collision.
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7Chapter 3
Literature Survey
3.1 Instantaneous Metrics
Several instantaneous metrics will be discussed throughout this thesis. These metrics esti-
mate the probability that a collision will occur at an instant in time, and are in general far simpler
and quicker to compute than the total probability of collision metrics that will follow.
Carpenter presents an instantaneous metric for computing collision probability [1]. Although
it is an instantaneous metric it also functions to place an upper bound on the probability of collision.
His method works by finding the marginal probability density function along the relative position
vector. He then partitions the PDF into two parts, one in which it is known that the spacecraft does
not enter, and another in which there is a possibility that the spacecraft enters. He then analytically
solves the integral over the volume for which there is a possibility that the spacecraft enters. He
suggests that his method is more appropriate during the initial mission planning phases, and that
other more accurate methods should be used for later analysis when the orbit trajectories that will
be flown are finalized.
3.2 Total Probability of Collision
The total probability of collision is a measure of the cumulative probability that a collision
will occur over a finite specified period of time.
There are various methods which are available to estimate satellite collision probability for
short-term encounters [2–15]. An extensive survey will not be conducted here because this is not the
primary focus of the thesis. However methods for preforming collision analysis for the rectilinear
cases have been adapted for the more general case of curvilinear orbits [1, 7, 16–21].
For spacecraft proximity operations it is necessary to be able to analyze collision risk for cases
where the relative motion between the two spacecraft is curvilinear and the time that the spacecraft
are in conjunction is long. Several authors have offered ways to estimate the risk of collision for
these situations. Most of the methods presented here share a few important commonalities. All of
8the approaches assume that the error covariance of relative position can be transformed to a frame
in which the covariance is time invariant. The hardbody at each instant in time is also transformed
to this frame. As a result the shape of the hardbody changes with time. For example a spherical
hardbody would become an ellipsoid that is changing size, orientation, and proportion over time as
shown in Figure 3.1. The probability is obtained by integrating the PDF over the volume swept out
by the hardbody.
p =
1q
(2⇡)3 |Prr|
˚
V
exp

 1
2
rTP 1rr r
 
dx dy dz (3.1)
where Prr is a 3-by-3 covariance matrix of the relative position uncertainty. The integrand in Eq.
(3.1) represents the PDF.
Chan presents an algorithm for estimating collision probability for relative orbital motion
exhibiting curvilinear motion [7]. He shows the development of an analytic solution that can be
used to obtain an accurate estimate of collision risk. The main drawback to his method is that
the probability of collision must be obtained analytically, and as a result a new solution must be
derived for each orbit geometry that is considered. He presents three orbit geometries for which he
has generated an analytic solution.
Patera presents an alternative approach to calculating spacecraft collision probability for
Figure 3.1: The geometry of the integral representing the total probability of collision.
9relative orbital motion exhibiting curvilinear motion [20]. His approach extends a technique that
he applied to rectilinear trajectories [10, 12, 13]. The basic idea of his algorithm is to break the
trajectory up into small increments. Time segments are chosen that are sufficiently small so that
the segments begin to appear rectilinear as shown in Figure 3.2. The probability for each segment
is calculated as if it were an infinite tube as was assumed for the rectilinear case. The probability
of each segment is then multiplied by the probability in the direction of the relative velocity vector.
Each of these incremental probabilities are summed to obtain the total probability of collision.
McKinley presents an algorithm that is similar to the approach used by Patera [19]. One dif-
ference between Patera’s and McKinley’s algorithms is the choice of coordinate system. McKinley’s
algorithm uses a rectangular coordinate system to compute the incremental collision probability.
Additionally McKinley modifies the ends of the tubes so that there is no gaps and overlaps. The
ends of the tubes are angled so that the ends of adjacent tubes butt up flush against one another
as shown in Figure 3.3. McKinley refers to this as the method of adjoining tubes.
Alfano presents an algorithm that is also very similar to the one developed by Patera, but
like McKinley’s uses a rectangular coordinate system [16]. A significant difference between Patera’s
and Alfano’s approaches is that Alfano does not assume the velocity remains constant for each tube
segment.
Figure 3.2: Incremental volumes formed in Patera’s algorithm.
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Figure 3.3: Incremental volume found in method of adjoining tubes.
Alfano presents another algorithm in which he transforms the trajectory and the hardbody
into Mahalanobis space [16]. This transformation scales each component of the Cartesian coordinate
system by the inverse of the Mahalanobis distance along each axis. He then breaks the encounter
region up into voxels (volume elements) in Mahalanobis space. Each voxel element has a probability
associated with it. The orbit is propagated and it is determined which voxels come in contact with
the hardbody. The probability associated with each voxel is summed together through which the
hardbody passes. Care is taken to make sure that each voxel is summed only once if the orbit loops
back onto itself. This method is computationally intensive.
Carpenter argues that the only reliable method available for predicting spacecraft collision
probability is to perform Monte Carlo analysis [17]. He presents methods to further improve the
accuracy of Monte Carlo. He applies a technique that is used in medical research. This technique
defines the probability of collision as the probability that a collision will occur at anytime in the
future. He utilizes a technique that adjusts the number of Monte Carlo runs that were non-collisions
but would have been had the simulation been allowed to run for a longer period of time. Carpenter
also presents methods to account for modeling errors. This is done by carefully selecting the strength
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of the process noise that is added into the model.
The algorithms developed by Patera, Alfano, and McKinley provide an efficient means of
estimating the total, cumulative probability of collision. However, it should be noted that these
methods cannot be applied to stationkeeping orbits. For situations where these methods are valid,
their accuracy varies greatly depending on the specific geometry of the orbit. To further complicate
matters, no way has been presented to gauge the accuracy of their results. The method presented
by Chan is extremely fast and provides an accurate estimate of collision probability. However, for
most orbit geometries his method cannot be applied without first generating a new analytic solution.
As a result, it is unfeasible to apply his method to an arbitrary orbit. Carpenter’s instantaneous
method is extremely efficient and provides a conservative estimate of collision probability. However,
his method may provide an estimate that is far more conservative than is desired. Monte Carlo can
be applied to any orbit scenario. The accuracy of Monte Carlo is driven primarily by the number
of sample runs, and this accuracy can easily be measured using a confidence interval. However,
for most orbit conditions the number of Monte Carlo samples needed to obtain a desired level of
accuracy is computationally unfeasible.
While each of the methods presented here provide there own strengths there does not exist
a single method that can efficiently and accurately estimate spacecraft collision probability for all
orbit geometries.
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Chapter 4
Simulation Models
Several dynamics models and coordinate frames and state and state covariance propagation
techniques are used throughout the course of this research. An overview of the key methods and
considerations for obtaining state and covariance data are discussed.
The majority of the scenarios that are analyzed involve two spacecraft in nearly circular
orbits and are in proximity to each other. For these cases the relative motion between the spacecraft
can be closely approximated by a set of linear difference equations. As such all the tools of linear
system theory can then be applied to the propagation and analysis of the relative motion. The
Clohessy-Wiltshire (CW) equations are extensively used for propagating such relative motion.
The CW Equations are also utilized to propagate the relative covariance matrix forward in
time. This approach offers significant speed improvements over Monte Carlo analysis. As a result
it will be the primary tool used to obtain a time history of the covariance matrix.
It is also desirable to analyze relative trajectories for which the spacecraft are in very different
or highly elliptical orbits. The rectilinear cases that were mentioned in the introduction fall into
this category. For these relative orbits the CW Equations are not valid. As a result procedures for
propagating the state and covariance in the Earth centered inertial (ECI) coordinate frame are also
presented.
An analytic expression for the inertial state transition matrix is presented in the form of
an infinite series. The state transition matrix is derived from a point mass gravity model with no
perturbing forces. The state transition matrix is computed each time step, and the first two terms
are used to approximate the infinite series.
Finally, Monte Carlo is utilized to obtain an estimated time history of the covariance matrix.
Monte Carlo is primarily used to verify other analytic techniques which propagate the covariance
directly. Monte Carlo analysis is extensively used for estimating collision probability. Monte Carlo
works by randomly perturbing the initial conditions of a nominal reference trajectory. The value
of these perturbations are based on the initial covariance matrix. The value of the state vector at
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each time step and for each sample run is used to calculate the covariance matrix. A Monte Carlo
simulation has been developed for both relative and inertial covariance determination.
4.1 Coordinate Frames
Several coordinate frames are used throughout this research, and they can be placed into
two main categories. The first category consists of inertial coordinate frames, which describe the
position and velocity of a spacecraft with respect to the center of the Earth. The second category
consists of relative coordinate frames, which describe the position and velocity of a spacecraft with
respect to another spacecraft.
4.1.1 Earth Centered Inertial
The Earth centered inertial (ECI) coordinate frame [22], shown in Figure 4.1 is an inertially
fixed coordinate frame. The z-axis of the coordinate frame is roughly aligned with the angular
momentum vector of the Earth. The x-axis and y-axis are approximately contained by the equatorial
plane with the x-axis roughly aligned with the first point of Ares and y-axis completing the right
handed triad.
4.1.2 Local Vertical Local Horizontal
The local vertical local horizontal frame [22] shown in Figure 4.2 is particularly useful for
describing the relative motion between two spacecraft, inspector and resident space object (RSO),
Figure 4.1: Earth centered inertial coordinate frame.
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Figure 4.2: Local vertical local horizontal coordinate frame.
that are in roughly the same circular orbit about the Earth and are in proximity. The frame is
centered at the RSO and rotates once per orbit. The x-axis, or local vertical, is aligned with the
position vector of the RSO with respect to the Earth. It is also referred to as the altitude or radial
component of position. The z-axis, or cross-track, is aligned with the RSO orbit angular momentum
vector. The y-axis, or local horizontal, is in the downrange or along track direction. It is roughly
aligned with the inertial velocity vector of the RSO such that
iy = iz ⇥ ix
4.1.3 Quasi Inertial Local Vertical Local Horizontal
The quasi inertial local vertical local horizontal frame is a frame that is aligned with LVLH
as shown in Figure 4.2. The rotation of the coordinate is not taken into account when calculating
the relative velocity. This frame is particularly useful for initializing orbit covariance matrices.
4.1.4 Encounter Frame
The encounter frame [20], shown in Figure (4.3), is centered at the RSO. It is a scaled frame
in which the position covariance matrix is symmetric. The x-axis of the frame points in the direction
of the inspector spacecraft at closest approach. The z-axis points in the direction of the relative
velocity vector at closest approach, and the y-axis completes the right handed triad.
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Figure 4.3: The encounter coordinate frame.
4.2 Relative State and Covariance Propagation
The Clohessy-Wiltshire (CW) or Hill’s equations are used to propagate the relative state
vector and covariance matrix forward in time for the period of interest [23]. The CW equations
are linearized equations that describe the motion of an inspector vehicle relative to a RSO. The
CW equations assume that the RSO is in a near circular orbit. Additionally they assume that the
inspector is in an orbit that is only slightly displaced from that of the RSO. The reference frame
for the CW equations is centered at the RSO with the x-axis pointing up or opposite the gravity
vector, the y-axis is in the direction of the local horizontal or roughly aligned with the RSO’s inertial
velocity vector, and the z-axis is normal the orbit plane such that
iy = iz ⇥ ix (4.1)
The linearized equations of motion that result from these assumptions are given by Eqs. (4.2-4.4)
[23].
x¨  3!2x  2!y˙ = wx (4.2)
y¨ + 2!x˙ = wy (4.3)
z¨ + !2z = wz (4.4)
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where ! is the orbital rate of the RSO, and the process noise strength is given by Q.
The discrete time solution to these equations is
xi+1 =  ixi +w (4.5)
where  i is the state transition matrix given in Eq. (4.6) [23].
 i =
26666666666666666666666664
4  3 cos! t 0 0 1! sin! t 2! (1  cos! t) 0
6 (sin! t  ! t) 1 0 2! (cos! t  1) 1! (4 sin! t  3n t) 0
0 0 cos! t 0 0 1! sin! t
3! sin! t 0 0 cos! t 2 sin! t 0
6! (cos! t  1) 0 0  2 sin! t 4 cos! t  3 0
0 0  ! sin! t 0 0 cos! t
37777777777777777777777775
(4.6)
The covariance propagation is performed in the same manner as presented by Eq. (4.14).
The relative covariance matrix in the LVLH frame is initialized with the following form
P0 =
26666666666666666666666664
 
 2x
 
0
0 0 0 (⇢xy˙ x y˙)0 0
0
 
 2y
 
0
0 (⇢yx˙ y x˙)0 0 0
0 0
 
 2z
 
0
0 0 0
0 (⇢yx˙ y x˙)0 0
 
 2x˙
 
0
0 0
(⇢xy˙ x y˙)0 0 0 0
⇣
 2y˙
⌘
0
0
0 0 0 0 0
 
 2z˙
 
0
37777777777777777777777775
(4.7)
where the off diagonal terms represent the correlations that naturally buildup between xy˙ and x˙y.
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4.2.1 Relative Orbit Elements
The six elements of the state vector in the local vertical local horizontal (LVLH) frame
can be transformed to six relative orbit elements (ROE) [24–26]. These elements are obtained by
algebraic manipulation of Eq. (4.5), and by realizing that all relative orbits can be represented as
traveling ellipses. The relative orbit elements are given by Eq. (4.8) [25].
xd = 4x+ 2
y˙
!
yd = y   2 x˙!
ae = 2
s✓
x˙
!
◆2
+
✓
3x+ 2
y˙
!
◆2
  = atan2 (x˙, 3!x+ 2y˙)
zmax =
s✓
z˙
!
◆2
+ z2  = atan2 (!z, z˙)
(4.8)
where xd and yd represent the downrange and radial position of the center of the traveling ellipse, ae
represents the semi-major axis of the traveling ellipse, zmax represents the maximum out-of-plane
displacement of the ellipse, and   and  are the phase angles of the in-plane and out-of-plane
sinusoidal motion. The in-plane elements are shown in Figure 4.4. Eq. (4.8) can be solved to obtain
Horizontal
Down
RSO
Inspector
Figure 4.4: In-plane relative orbit elements.
19
equations for the ROE as a function of time [25].
xd = xd0 yd = yd0   32!xd0t = yd0   32!xdt
ae = ae0   =  0 + !t
zmax = zmax 0  =  0 + !t
(4.9)
These relative orbital elements can also be used to find the elements of the relative state vector in
the LVLH frame [25].
x =
 ae
2
cos  + xd x˙ =
ae
2
! sin 
y = ae sin  + yd y˙ = ae! cos    32!xd
z = zmax sin z˙ = zmax! cos 
(4.10)
It is shown later that these relative orbital elements are useful for determining satellite collision
probability.
4.3 Inertial State and Covariance Propagation
A simply point-mass Keplerian gravity model was used to inertially propagate the state of
the inspector and RSO [23].
r¨I =  µ r
I
|rI |3 +w (4.11)
Gaussian process noise, w, is also added to the dynamics to account for modeling errors. The
process noise strength is given by Q in Eq. (4.15). The state transition matrix is calculated in
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inertial coordinates as follows [27]
  = I6⇥6 + F t+
1
2
(F t)2 + h.o.t. (4.12)
where
F =
@x˙
x
=
266664
03⇥3 I3⇥3
  µ|r|3
 
I3⇥3   3iriTr
 
03⇥3
377775 (4.13)
The covariance matrix is propagated forward in time by the following equation [27]
Pi+1 =  Pi 
T +Q t (4.14)
where
Q =
266664
03⇥3 03⇥3
03⇥3 I3⇥3 q2
377775 (4.15)
where q/2 is the strength of the process noise. The noise strength is divided by two so that process
noise of both spacecraft added together is q.
4.4 Monte Carlo Analysis
Monte Carlo analysis is performed to obtain a true estimate of collision probability. Monte
Carlo works by repeatedly propagating an orbit trajectory for which the initial state vector have
been randomly perturbed. The value of this perturbation is driven by the initial error covariance.
Once the random component has been added to the nominal state the resulting state is propagated
using the desired dynamic model. The point of closest approach, over the period of interest, is
compared to the hardbody radius to determine if a collision occurs. The number of sample that
result in a collision is compared to the total number of samples to obtain the mean probability of
collision. A confidence interval is also computed to determine how the true probability of collision
might vary from the sample mean.
The time history of the covariance matrix was computed using Monte Carlo analysis and
compared to the values obtained by propagating the covariance matrix using the state transition
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matrix in order to check that it was done correctly. The covariance is calculated as follows [28]
P (t) =
NP
i=1
(x˘ (t)  x¯ (t)) (x˘ (t)  x¯ (t))T
N   1 (4.16)
and the average state is given a by
x¯ (t) =
NP
i=1
x˘ (t)
N
(4.17)
4.4.1 State and State Covariance Initialization
The inspector position and velocity is randomly perturbed for each run of the Monte Carlo
simulation. The initial state covariance, P0, is used to determine the value of this perturbation. In
general correlations naturally exist. As a result, the off diagonal terms must be taken into account
when calculating the randomly perturbed state. The Cholesky decomposition of P0 is performed to
obtain the lower triangular matrix L such that [29]
P0 = LL
T (4.18)
The matrix L can be thought of as the mapping that transforms the identity matrix I into P0. It
follows that a Gaussian random vector with unit variance, for each entry, can be transformed by
applying L to a space where it carries the same covariance as P0. The initial state for the sample
run, x˘0, can be obtained using the following formula [30].
x˘0 = x0 + L% (4.19)
where % is a Gaussian random vector with unit variance and x0 is the nominal initial state of the
inspector. To compute the Cholesky decomposition P0 must be positive definite. This restriction is
valid for all real world applications.
4.4.2 Collision Detection
Two methods for detecting a collision are used. Both methods compare the distance between
the centers of the spacecraft to the combined hardbody radius. The first method simply looks at the
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magnitude of the position vector at each time step to determine if it is ever less then the hardbody
radius. One drawback to this method is that is may fail to detect collisions that occur between time
steps. One way to overcome this limitation is to simply decrease the time step.
The second method improves upon the first method by linearly interpolating the position
between time steps to obtain a better estimate for the distance of closest approach. The first step
of this improved method is to determine if there is a possibility that a point in between time steps
is closer. If both \a and \b, as shown in Figure 4.5, are less than 90-degrees then there is an
intermediate point between time steps that is closer to the RSO. If this is the case, the intermediate
position vector rn is computed as follows [31]
rn =
 
I3⇥3   itiTt
 
ri (4.20)
where
it =
ri   ri+1
|ri   ri+1|
This magnitude of this intermediate position vector rn is then compared to the hardbody radius to
determine if the run results in a collision.
Figure 4.5: An estimate of the point of closest approach using a linear interpolation method.
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4.4.3 Confidence Interval
A binomial confidence interval is computed for each Monte Carlo case tested. This confidence
interval relies on the total number of Monte Carlo runs, the number of runs that resulted in a
collision, and the confidence level. The confidence level, ↵, indicates with what confidence it can be
said that the true probability of collision, p, is contained within a range of values about the sample
mean probability of collision, pˆ.
plb  pˆ  pub (4.21)
where pˆ is the number of samples that result in a collision, k, divided by the total number of samples,
n
pˆ =
k
n
(4.22)
The confidence interval is defined by the lower limit, plb, and the upper limit , pub. The upper limit,
pub, is found by solving Eq. (4.23) [32, 33].
kX
j=0
0BBBB@
n
j
1CCCCA pjub (1  pub)n j = ↵2 (4.23)
The upper limit, plb, is found by solving Eq. (4.24) [32, 33].
nX
j=k
0BBBB@
n
j
1CCCCA pjlb (1  plb)n j = ↵2 (4.24)
Unlike the normal distribution, the binomial distribution is in general not symmetric about the
mean. In fact for cases where the mean is zero, the lower bound will also be zero. The confidence
interval does not allow for values that are not within the range 0% to 100%.
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Chapter 5
Metrics
Each of the collision probability metrics that will be analyzed are presented in this chapter.
The metrics are broken into three main categories, instantaneous probability, cumulative probability,
and Monte Carlo. The instantaneous metrics provide a measure of probability for one instant in
time. Many of these metrics can also be used to compute an upper bound to the total probability
of collision. The cumulative probability of collision metrics provide a direct estimate of the total
probability of collision. Finally, an alternative to Monte Carlo will be presented that offers the same
information that is provided by Monte Carlo at a fraction of the computational cost.
5.1 Instantaneous Metrics
Instantaneous metrics do not give an actual estimate of the total probability of a collision.
Rather, they provide a measure of the instantaneous probability of collision as a function of time.
For the majority of these metrics, their minimum value over a time period of interest yields an
upper bound to the total probability of collision over the time period given by Eq. (5.1).
pu = 1  erf
✓
min (d)p
2
◆
(5.1)
where d is the value of the instantaneous metrics. All of the metrics work by projecting the three
dimensional probability density function (PDF) onto a one dimensional space. Equation (5.1) is
the complimentary error function [7], where min (d) can be thought of as the closest distance,
measured in standard deviations, that the combined hardbody approaches the origin of the PDF of
the projected space. The complimentary error function represents the area of the tails, defined by
min (d), of the PDF. This bounds the total probability of collision because the area under the curve
within min (d) from the mean is not included in the probability of collision as shown in Figure 5.1.
Figure 5.2 shows the upper limits of total collision probability, p corresponding to minimum values
of d.
Before computing the instantaneous metrics it will first be necessary to categorize the orbit
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Figure 5.1: Projection of probability density function onto one-dimensional space.
geometry. The possible categories are shown in Table 5.1. By classifying the trajectory the number
of applicable metrics is limited. It will be helpful to first define two planes. The horizontal plane is
the plane which contains the local horizontal and angular momentum vectors and is perpendicular
to the position vector. The vertical plane is the plane which contains the local vertical and angular
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Figure 5.2: The upper bound for the probability of a collision for a given value of metric, d.
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Table 5.1: Categories of trajectories.
Type CrossesVertical Plane
Crosses
Horizontal Plane Examples
Applicable
Metrics
I x Overhead flyby, Flybybelow dx, dL, dM
II x Displaced football orbit dy, dL, dM
III x x Football orbit dL, dM
momentum vectors and is approximately perpendicular to the velocity vector. An example of each
orbit type is shown in Figure 5.3. To classify the trajectory it is helpful to compute the relative
orbit elements. The orbit can be characterized by first looking at xd in 4.8. If the value for xd is
zero then the orbit will cross the horizontal plane. If this is the case the orbit will also cross the
vertical plane, if and only if the following condition is true |yd|  ae < 0. If xd is nonzero then the
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Figure 5.3: Examples of orbit classifications.
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orbit will cross the vertical plane. It will also cross the horizontal plane if and only if the following
condition is true 2 |xd|  ae < 0.
5.1.1 Vertical Projection Instantaneous Metric, dx
The vertical instantaneous metric, shown in Figure 5.4, is developed by looking at the
projection of the relative position covariance in the vertical direction and applies only to type I
trajectories. It is computed by finding the minimum value of the ratio x(t) x(t) given by Eq. (5.2) over
the desired period of time
dx = min
t0<t<tf
✓
x (t)
 x (t)
◆
(5.2)
where x is the inspector relative altitude, and  x is the standard deviation of the relative altitude
uncertainty as shown in Figure 5.4. The value for  x can vary greatly during the course of an orbit.
To avoid having added computational cost of calculating the position covariance as a function of
time, an analytic expression for the ratio x(t) x(t) was developed.
The relative position and velocity are given by Eq. (4.5). The covariance is given by Eq.
(5.3) below [27].
P =  P0 
T (5.3)
Example - Coelliptic Approach
Horizontal
Down
Figure 5.4: The vertical projection metric.
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For proximity operations the initial relative covariance matrix can be approximated using Eq. (4.7).
The altitude is given by the following equation.
x =  xx0 (5.4)
where  x, which is derived from Eq. (4.6), is given by
 x =
"
4  3 cos!t 0 0 1! sin!t 2! (1  cos!t) 0
#
(5.5)
It can be simplified to the following equation.
x = ax + bx cos!t+ cx sin!t (5.6)
where
ax = 4x0 +
2
!
y˙0 (5.7)
bx =  3x0   2
!
y˙0 (5.8)
cx =
1
!
x˙0 (5.9)
Following a similar procedure to solve for  2x = Pxx we have
Pxx =  xP0 
T
x (5.10)
Pxx can be represented as
Pxx = Ax +Bx cos!t+ Cx cos
2 !t (5.11)
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where
Ax = 16 (Pxx)0 +
1
!2
 
(Px˙x˙)0 + 4 (Py˙y˙)0 + 16! (Pxy˙)0
 
Bx =  24 (Pxx)0   1!2
 
28! (Pxy˙)0 + 8 (Py˙y˙)0
 
Cx = 9 (Pxx)0 +
1
!2
 
12! (Pxy˙)0   (Px˙x˙)0 + 4 (Py˙y˙)0
 
(5.12)
Thus, the vertical projection metric in Eq. (5.2) is found by numerically searching for the
minimum value of x2/Pxx over the desired period of interest, where x is given by Eq. (5.6) and Pxx
is given by Eq. (5.11).
5.1.2 Horizontal Projection Instantaneous Metric, dy
The horizontal projection instantaneous metric is developed by looking at the projection of
the relative position covariance in the horizontal direction and applies only to type II trajectories.
It is computed by finding the minimum value of the ratio y(t)/ y(t) given by Eq. (5.13) over the
desired period of time.
dy = min
t0<t<tf
✓
y (t)
 y (t)
◆
(5.13)
where y is the inspector relative downrange, and  y is position standard deviation in the downrange
direction as shown in Figure 5.5.
The downrange, y(t), is given by the following equation.
y =  yx0 (5.14)
where  y, which is derived from Eq. (4.6), is given by
 y =
"
6 (sin!t  !t) 1 0 2! (cos!t  1) 1! (4 sin!t  3!t) 0
#
(5.15)
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Figure 5.5: The horizontal projection metric.
It can be simplified to the following equation.
y = ay + byt+ cy cos!t+ dy sin!t (5.16)
where
ay = y0   2
!
x˙0 (5.17)
by =  6x0   3y˙0 (5.18)
cy =
2
!
x˙0 (5.19)
dy = 6x0 +
4
!
y˙0 (5.20)
Following a similar procedure to solve for Pyy
Pyy =  yP0 
T
y (5.21)
Pyy can be represented as
Pyy = Ay +Byt
2 + Cy cos!t+Dy cos
2 !t+ Eyt sin!t (5.22)
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where
Ay = 36 (Pxx)0 + (Pyy)0 +
4
!2
 
12! (Pxy˙)0   ! (Pyx˙)0 + (Px˙x˙)0 + 4 (Py˙y˙)0
 
By = 36!
 
! (Pxx)0 + (Pxy˙)0
 
+ 9 (Py˙y˙)0
Cy =
4
!
 
(Pyx˙)0   2! (Px˙x˙)0
 
Dy =  36 (Pxx)0   4!2
 
12n (Pxy˙)0   (Px˙x˙)0 + 4 (Py˙y˙)0
 
Ey =  72! (Pxx)0   84 (Pxy˙)0   24n! (Py˙y˙)0
(5.23)
Thus, the horizontal projection metric in Eq. (5.13) is determined by numerically searching
for the minimum value of y2/Pyy over the desired period of interest, where y is given by Eq. (5.16)
and Pyy is given by Eq. (5.22).
5.1.3 Line-of-Sight Projection Instantaneous Metric
This metric is based upon the projection of the relative position covariance in the line-of-
sight (LOS) direction and applies to all orbit geometry types. This metric yields an upper bound
on collision probability that may be either higher, lower, or equal to the vertical or horizontal
projection. This metric is more complex and thus requires more CPU time to compute than the
previous metrics. The metric is the minimum value of
dL = min
t0<t<tf
✓ |r(t)|
 P (t)
◆
(5.24)
over the desired period of interest where |r| is the magnitude of the relative position and  P is the
projection of the relative position covariance in the LOS direction [34].
 2P = i
T
r Prrir (5.25)
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where ir is the unit vector in the direction of the relative position vector, r, and Prr is the 3-
by-3 relative position covariance that is determined using Eq. (4.14). The metric is obtained by
conducting a numerical search for the minimum value over the desired time period. An example of
this metric is shown in Figure 5.6.
5.1.4 Mahalanobis Distance
The Mahalanobis distance is the most accurate of the instantaneous metrics, but requires
the most CPU time. It is a measure of distance in standard deviations from one spacecraft to
another as shown in Figure 5.7. The minimum Mahalanobis distance over the period of interest is
the desired metric. This places an upper bound on the probability that a collision will occur.
The Mahalanobis distance, dM , is given by Eq. (5.26)
dM = min
t0<t<tf
✓ |r(t)|
 LOS (t)
◆
(5.26)
where  LOS is the extent of the covariance matrix along the line of sight vector between the two
spacecraft [34],
 2LOS =
1
iTrP
 1
rr ir
(5.27)
and where Prr is computed using Eq. (4.14).
Example - NMC
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Figure 5.6: Projection of ellipsoid onto unit vector ir.
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Figure 5.7: Instantaneous metric based on Mahalanobis distance.
5.1.5 Maximum Instantaneous Probability
Although the total probability of collision is the most useful metric, a useful and much
simpler and quicker metric to compute is the instantaneous probability of collision. This is due to
the fact that for many trajectories there are a few very large spikes in instantaneous probability
that account for a large portion of the total probability of collision. If this is the case then the
maximum instantaneous probability of collision may contribute very heavily to the total probability
of collision.
To calculate the maximum instant probability metric, $, a spherical keep-out region is set
around the spacecraft that represents the combined hardbody radius of both spacecraft. The point
on the sphere with the highest probability density is selected. This is the point, ⇠, on the surface of
the spherical keep-out region that is in the direction of r. The probability of collision at an instance
in time is calculated by multiplying the probability density by the volume of the keep-out region.
This probability density, f (⇠), is given by Eq. (5.28) [35].
f (⇠) = K exp
n
 12 [⇠   r]T P 1rr [⇠   r]
o
K = 1
(2⇡)
3/2|Prr|1/2
(5.28)
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where|Prr| is the determinate of the covariance matrix. The probability, p, of a collision can be
calculated using Eq. (5.29) where rHB is the radius of the spherical keep-out region.
$ =
4
3
⇡r3HBf (⇠) (5.29)
5.2 Total Probability Metric - Patera’s Algorithm
The first step in this algorithm, which is taken from [20], is to propagate both the state vector
and covariance matrix forward in time for the interval of interest. The next step is to transform the
covariance matrix to a frame in which it does not vary with time. Once the transformation has been
made to a time invariant frame the probability of a collision is found by integrating the probability
density function over the volume carved out by the hardbody in the three dimensional space.
p =
1
(2⇡)
3/2 |Prr|1/2
˚
vol
exp

 1
2
rTP 1rr r
 
dx dy dz (5.30)
In order to transform to a frame in which the covariance does not change with time, a series of
transformations must be performed. The first transformation uses the eigenvectors to diagonalize
the covariance by transforming it to its principle frame. The columns of E are formed from the
eigenvectors of the untransformed covariance matrix, Prr.
P drr = EPrrE
T =
26666666664
 1 0 0
0  2 0
0 0  3
37777777775
(5.31)
The next transformation scales the covariance so that it is an isotropic sphere.
S =
26666666664
1 0 0
0
q
 1
 2
0
0 0
q
 1
 2
37777777775
(5.32)
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P srr = SP
d
rrS
T =
26666666664
 1 0 0
0  1 0
0 0  1
37777777775
(5.33)
The covariance has now been transformed to a time invariant frame.
Two additional transformations are applied to simplify the integration of Eq. (5.30). The
first transforms to an encounter frame, shown in Figure 5.8, in which u3 is aligned with the relative
velocity and u1 is aligned with what would be the relative position at closest approach if the
Inspector followed a strait path along the velocity vector instead of the true path of motion described
by orbital mechanics.
u3 =
vs
|vs| u2 =
vs⇥rs
|vs⇥rs| u1 = u2 ⇥ u3 (5.34)
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Figure 5.8: The encounter frame. u3 is aligned with the relative velocity and u1 is aligned with
what would be the relative position at closest approach if the Inspector followed a straight path
along the velocity vector.
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U =
"
u1 u2 u3
#T
(5.35)
P err = UP
s
rrU
T = P srr (5.36)
where vs and rs are the relative velocity and position in the scaled frame, respectively. The second
transformation that is applied, transforms to a cylindrical coordinate system.
The next step is to transform the state using the same transformation that was used for
the covariance matrix. The hardbody undergoes these same transformations. This results in a
non-spherical hardbody. The total probability of collision can be found by integrating the PDF
over the volume carved out by the transformed hardbody [20].
p =
1
(2⇡)
3/2  3e
˚
vol
exp
"
   r2 + z2 
2 2e
#
r dr d✓ dz (5.37)
where  e is the isotropic position uncertainty in the encounter frame. The integrand may be further
split up [20].
p =
1
(2⇡)
3/2  3e
˚
vol
exp
 z2
2 2e
 
⇥ exp
 r2
2 2e
 
r dr d✓ dz (5.38)
Although the integrand has been simplified, in general, it is still difficult to compute. The approach
that Patera uses is to break the volume up into small increments. As the increments become
sufficiently small, the incremental volumes begin to appear tubular. The integration of one of these
tubes yields an incremental probability [20].
pI =
1p
2⇡ 3e
ˆ 4
 4
exp
 z2
2 2e
 
dz ⇥
✓
1
2⇡
◆¨
area
exp
 r2
2 2e
 
r dr d✓ (5.39)
The in-plane and out-of-plane components are now separated. The area integral may be reduced to
a single integral about the contour of the projected hardbody onto the encounter plane [10]. The
integration is performed as shown in Figure 5.9.
pI =
1p
2⇡ e
ˆ 4
 4
exp
 z2
2 2e
 
dz ⇥
✓ 1
2⇡
◆ ˛
ellipse
exp
 r2
2 2e
 
d✓ (5.40)
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Figure 5.9: Integration of contour.
The incremental probability is divided by the time step to obtain the probability rate [20].
pR (t) =
✓
 z
 e t
◆✓
1p
2⇡
◆
exp
 z2
2 2e
 
dz ⇥
✓ 1
2⇡
◆ ˛
ellipse
exp
 r2
2 2e
 
d✓ (5.41)
The probability rate can be simplified further by substituting in the velocity [20].
pR (t) =
✓
Vz
 e
◆✓
1p
2⇡
◆
exp
 z2
2 2e
 
dz ⇥
✓ 1
2⇡
◆ ˛
ellipse
exp
 r2
2 2e
 
d✓ (5.42)
The probability rate associated with each tube is then integrated to obtain an estimate of the total
probability of collision [20].
p¯ =
ˆ t2
t1
pR (t) dt (5.43)
Care must be taken to ensure that the relative trajectory does not loop back on itself. One
simple way to ensure that this does not happen is to restrict the time interval of interest to a single
orbit revolution.
By comparing to Monte Carlo results, it was discovered that Patera’s algorithm yields
inaccurate results for some orbits, among which are orbits where the relative velocity is very low.
The algorithm was still included in this paper because it is one of the few methods that can be used
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for estimating total probability for proximity operations [7, 16, 17, 19].
5.3 Total Probability Metric - Pseudo Monte Carlo
The most accurate and reliable method to compute satellite collision probability is Monte
Carlo analysis. The drawback to Monte Carlo analysis is that it is CPU intensive. Figure 5.10 shows
the upper bound to a 99% confidence interval that was calculated using the binomial distribution.
The upper bound is shown as a function of the the number of samples and the number of collisions.
As can be seen by the figure it would be very costly to accurately predict the collision risk for many
real world scenarios when the probability of collision is less then 0.1%.
However, a new method was developed that yields identical results to Monte Carlo with
significantly reduced computational effort. This new method is made possible because the only
required information from each run of Monte Carlo is whether a collision occurred or not, and the
method works quickly by ruling out many trajectories for which a collision cannot occur. Relative
orbit elements are again utilized to make this possible. A single sample run of the Pseudo Monte
Carlo is outlined in Figure 5.11.
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Figure 5.10: The 99% confidence interval upper bound given a specified number of samples and
collisions.
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Figure 5.11: A single run of the pseudo Monte Carlo.
5.3.1 Altitude Check
It is helpful to first check if the altitude of the spacecraft is either always closer or always
further away than the combined hardbody radius. If the following is true,
rHB < |xd|  ae2 (5.44)
the altitude component of position is never small enough for a collision to occur. If this is the case
then the trajectory will not result in a collision and no further computations are required for the
Monte Carlo run. However if the opposite is true,
rHB   |xd|+ ae2 (5.45)
the altitude component of position is never large enough to rule out the possibility of a collision
over any time period.
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For cases where the spacecraft enters and exits the collision region, the times that the
boundary is crossed can be obtained by the following formula
t±r1 =
1
!

cos 1
✓
2
ae
(xd ⌥ rHB)
◆
   0
 
(5.46)
where adding rHB yields a solution for when the lower bound is first crossed, and subtracting rHB
yields a solution for when the upper bound is first crossed. Over an orbit period the upper and
lower bounds may each be crossed twice, or any one of the bounds may not be crossed at all. If one
of the bound is not crossed then tr1 will have an imaginary result. To obtain the second time that
the boundary is crossed the following formula may be used.
t±r2 =  t±r1  
2
!
 0 (5.47)
Next, the velocity, given by Eq. (4.10), is utilized to determine if the spacecraft is either entering
or exiting the collision region during a given boundary crossing. Using this information the time
intervals that the spacecraft is in the collision region can be determined.
5.3.2 Cross-Track Check
Over the period of an orbit a spacecraft will pass through two points where the cross-track
component of position is zero, unless there is no oscillation in the cross track for which z = zmax = 0.
It is helpful to first compare the maximum out of plane distance, zmax, to the radius of the combined
hardbody. If it is found that zmax < rHB then the spacecraft never exits the collision region. For
the case where it does exit the collision region the points of boundary crossing may be found using
the following formula.
t±ct1 =
1
!

sin 1
✓
± rHB
zmax
◆
   0
 
(5.48)
where rHB/zmax is subtracted for the lower bound and added for the upper bound. The second
solution for boundary crossing can be found using the following equation.
t±ct2 =
1
!
(⇡   2 0)  t±ct1 (5.49)
For cases where the possible times of collision for the altitude direction is a nonempty set, the
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possible times of collision for the altitude direction are compared to the possible times of collision
for the cross-track direction. If an overlap exists there is remains a possibility of a collision. If no
overlap exists then no collision will occur.
5.3.3 Downrange Check
An additional check is performed to determine over what time intervals the downrange
position of the inspector spacecraft would allow for the possibility of a collision assuming that the
inspector could be at any point on the traveling ellipse.
|yd| < rHB + ae (5.50)
The time at which the boundaries are crossed are given by the following equation.
t±dr =
2
3!xd
[yd0 ± (ae + rHB)] , t0  tdr  tf (5.51)
If a value is obtained that is imaginary, negative, or greater than the final time over which the
probability of collision is to calculated then the boundary will not be crossed. A check must still be
performed to ensure that the spacecraft does not start within the collision region. The downrange
check is useful for eliminating orbits that the spacecraft are drifting away from each other and it is
also useful for reducing the time interval over which a collision can potentially occur.
5.3.4 Closest Approach
If the intersection of the time intervals that the spacecraft is in the collision region for the
cross-track, altitude, and downrange directions is nonempty then a possibility of collision remains
and the point of closest approach must be found. This minimum approach distance is found using
a numerical search. For many cases this numerical search can be conducted more rapidly than it
otherwise would have been because the search only needs to be conducted over the intersection of
the altitude, cross-track, and downrange collision intervals, i.e., only a fraction of the total time. It
is simply necessary to conduct the numerical search over the intervals for which it was determined
that a collision is possible. Care must be taken to ensure that the global minimum is obtained.
Once all the runs are completed and the mean probability of collision has been computed, it
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is helpful to compute a confidence interval. The confidence interval sets a range of values that the
true mean is likely to fall within. The size of this range is determined by the number of Monte Carlo
samples and by the confidence level. The more samples that are taken the narrower this confidence
interval will be. The higher the confidence level, which is the likelihood that the mean is captured
within the confidence interval, the larger the confidence interval will be. A binomial distribution
was used to compute the confidence interval because each Monte Carlo run can have just one of
two possible outcomes, collision or no collision. As a result of using the binomial distribution the
confidence interval is not symmetric about the mean.
A wide range of metrics are presented among which are instantaneous, cumulative, and
Monte Carlo. While the instantaneous metrics provide a direct measure of collision probability,
by looking at the minimum value of the metric over a period of time they also provide an upper
bound to the total cumulative probability of collision. The cumulative metrics provide a direct
estimate of total probability of collision. These methods work by breaking the orbit up into small
time steps over which the relative error covariance as well as the relative velocity are held constant.
The probability associated with each of these segments are summed to find the total cumulative
probability of collision for the orbit. Finally, an alternative to Monte Carlo was presented that
offers identical results to Monte Carlo at a fraction of the computational cost. This method works
by using relative orbit elements to quickly rule out trajectories for which a collision cannot occur.
[This page intentionally left blank]
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Chapter 6
Results
Each collision probability metric is analyzed for four orbit scenarios, and each of these sce-
narios has key geometric parameters that were varied. The values of these parameters are intended
to represent the full range of conditions that would be encountered in real-world situations. In
many cases the full range of results are not presented because the resulting collision probability is
very low and obtaining an accurate estimate using Monte Carlo techniques is not computationally
feasible. So, rather than presenting collision probability estimates without a true value to compare
against, the results were simply omitted.
6.1 Truth Model
The true probability of collision is obtained by performing Monte Carlo analysis with a high
number of samples. The required number of Monte Carlo samples varies greatly depending on the
probability of a collision. The closer the probability of collision is to 50%, the fewer runs that are
required. A 99% confidence interval is computed and used to determine if an appropriate number of
runs has been conducted. This true probability of collision is what each of the metrics is evaluated
against.
6.2 Metrics and Quality
Although many metrics were examined during the course of the research only six metrics
are thoroughly examined in this work. The metrics shown in Table 6.1 are analyzed across a wide
range of scenarios.
Results for the maximum instantaneous probability of collision were not included in this
thesis, but were left as a topic of future research.
The quality and utility of each metric is measured by three criteria:
• Accuracy - How close the estimated value for collision probability is to the true value. Each
metric is compared to Monte Carlo to determine it’s accuracy.
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Table 6.1: Metrics considered in the analysis
Metric Type Formula
Horizontal Projection, dy Instantaneous dy = min
t0<t<tf
⇣
y(t)
 y(t)
⌘
Vertical Projection, dx Instantaneous dx = min
t0<t<tf
⇣
x(t)
 x(t)
⌘
Total Projection, dL Instantaneous dL = min
t0<t<tf
    r(t)   
 P (t)
!
Mahalanobis Distance, dM Instantaneous dM = min
t0<t<tf
    r(t)   
 LOS(t)
!
Patera Cumulative See section 5.2
Pseudo Monte Carlo Cumulative See section 5.3
• Robustness - Does the metric yielded a reliable of estimate of collision probability for a di-
verse range of cases that would be encountered in real-world scenarios. Each metric will be
calculated for several orbit geometries to verify the accuracy of the metric under a variety of
conditions.
• Computation time - How long does it take for the computer to calculate the metric.
6.3 Orbit Geometries
Four orbit geometries are evaluated. Each orbit geometry has a range of initial parameters
over which it is propagated.
6.3.1 Football
A football orbit is considered as shown in Figure 6.1.
Both the semi-major axis of the ellipse, ae, and the in-track distance to the center of the
ellipse, yd, are varied. Table 6.2 shows the range of values that these parameters assume.
6.3.2 Coelliptic Flyby
A coelliptic flyby is also considered as shown in Figure 6.2.
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Figure 6.1: Geometry of football orbit.
Table 6.2: Parameters adjusted for the football orbit geometry.
Parameter Min Max
semi-major axis, ae 10m 5 km
in-track distance to ellipse center, yd 0m 15 km
radial distance to ellipse center, xd (fixed) 0m 0m
initial in-plane phase angle,  0 (fixed) 90  90 
maximum out of plane distance, zmax (fixed) 0m 0m
Figure 6.2: Geometry of coelliptic flyby orbit.
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Both the altitude of the Inspector spacecraft, x, and the initial downrange distance to the
Inspector, y0, are varied. Table 6.3 shows the range of values over which these parameters are
evaluated.
Table 6.3: Parameters varied for the coelliptic flyby orbit geometry.
Parameter Min Max
altitude position, x 10m 1 km
initial downrange position, y0 0m 10 km
semi-major axis, ae (fixed) 0m 0m
in-plane phase angle   (fixed) 90  90 
maximum out of plane distance, zmax (fixed) 0m 0m
6.3.3 Stationkeeping
A stationkeeping orbit is considered as shown in Figure 6.3. The velocity must be nonzero
during the encounter for Patera’s algorithm to yield a non-zero result. As a result the Inspector
is also given a small initial vertical velocity. Both the initial vertical velocity of the Inspector
spacecraft, x˙0, and the initial downrange distance to the Inspector, y0, are adjusted. Table 6.4
shows the range of values over which these parameters are evaluated.
Figure 6.3: Geometry of stationkeeping orbit.
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Table 6.4: Parameters varied for the stationkeeping orbit geometry.
Parameter Min Max
initial downrange position, y0 10m 1 km
initial vertical velocity, x˙0 0mm/s 100mm/s
altitude position, x 0m 0m
semi-major axis, ae (fixed) 0m 0m
initial in-plane phase angle  0 (fixed) 90  90 
maximum out of plane distance, zmax (fixed) 0m 0m
6.3.4 On-Orbit Scenario
An on-orbit scenario will be conducted to test how well the metrics perform during a scenario
that might be be encountered in the real world. The geometry of the on-orbit scenario is a coelliptic
flyby shown in Figure 6.4. The probability of collision will be computed for one orbit ahead every
ten minutes. The altitude miss distance is varied as well as the initial downrange position. Table
6.5 shows the range of values over which these parameters were varied.
.  .  .  .  .  .  .
.  .  .  .  .  .  .
.  .  .  .  .  .  .
Figure 6.4: Geometry of on-orbit application.
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Table 6.5: Parameters varied for the on-orbit scenario.
Parameter Min Max
altitude position, x 10m 1 km
initial downrange position, y0 0m 10 km
semi-major axis, ae (fixed) 0m 0m
initial in-plane phase angle  0 (fixed) 90  90 
maximum out of plane distance, zmax (fixed) 0m 0m
6.3.5 Orbit Geometry Indices
The time history of several orbit geometry measurements, or indices as they will be referred
to, will be computed for a variety of orbits. The indices, summarized in Table 6.6, will primarily
be compared against the accuracy of Patera’s algorithm to determine if and when the algorithm is
sensitive to orbit geometry. It is desirable to be able to classify an orbit in such a way so that it
can be determined when Patera’s will yield accurate results. For each of the indices presented, the
minimum value over the time period of interest is the desired value.
The linearity index is a measure of the curvature the orbit. The dimensions of the index are
angular change in direction per unit of time. The index is given by Eq. (6.1) where v1 and v2 are
the velocities at two successive time steps.
◆l =
1
 t
arccos
✓
v1 · v2
|v1| |v2|
◆
(6.1)
The thinness index compares the Mahalanobis distance relative to the hardbody radius. The
dimensions of the index are units of length.
◆t =
rHB
dM
(6.2)
The velocity index compares the magnitude of the relative velocity to the hardbody radius.
The index is dimensionless and is given by Eq. (6.3). T is the period of the orbit.
◆v =
rHB
T |v| (6.3)
The dynamic index measures how quickly the covariance matrix is changing with time. The
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Table 6.6: Indices used to measure orbits.
Index Equation Description
linearity ◆l = 1 t arccos
⇣
v1·v2
|v1||v2|
⌘ A measure of how much the velocity of the orbit
changes direction between adjoining tubes.
thinness ◆t = rHBdM
A measure of how close the gap and overlap of
adjoining tubes represents the same probability.
velocity ◆v = rHBT |v|
A measure of how well the projection of the
hardbody onto the encounter plane represents a
spherical hardbody
dynamic ◆d = 1 t tr |P1   P2| A measure of how well the covariance can be keptconstant over a time step.
dimensions of the index are units of length per unit time. The index is given by Eq. (6.4) where
P1 and P2 are successive 3-by-3 position covariance matrices. Care must be taken when using this
index that a sufficiently small time step is used, otherwise the change in the covariance matrix
between time steps may not be captured. For example, the index would be zero if the covariance
rotated 90-degrees between time steps.
◆d =
1
 t
tr |P1   P2| (6.4)
A summary of the indices is shown in Table 6.6. For each of the indices presented, the
minimum value over the time period of interest is the result that is reported.
6.4 Simulation/Analysis Setup
A number of other parameters are varied in addition to the orbit geometry. Among these are
the hardbody radius, rHB, and the time step,  t. The effect of these parameters on the accuracy of
the metrics and computation time are examined. Table 6.7 shows many of the remaining parameters
that are varied where ! is the orbital rate of the RSO. The covariance matrix is initialized as follows
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Table 6.7: Important parameters in simulation.
Parameter Value Units Notes
hardbody radius, rHB 2  200 m Nominally held at 25m.
time step,  t 1  1000 s Nominally held at 100 s.
Covariance
altitude position error,  x 1 - 100 m Nominally held at 10m. Varied to showeffects of fast changing covariance.
downrange position error,  y 1 - 100 m Nominally held at 100m.
cross-track position error,  z 1  100 m Nominally held at 10m. Varied to showeffects of fast changing covariance.
altitude rate error,  x˙ !  y m/s
downrange rate error,  y˙ !  x m/s
cross-track rate error,  z˙ !  z m/s
correlation between x and y˙, ⇢xy˙  0.9
correlation between y and x˙, ⇢yx˙  0.9
P0 =
26666666666666666666666664
 
 2x
 
0
0 0 0 (⇢xy˙ x y˙)0 0
0
 
 2y
 
0
0 (⇢yx˙ y x˙)0 0 0
0 0
 
 2z
 
0
0 0 0
0 (⇢yx˙ y x˙)0 0
 
 2x˙
 
0
0 0
(⇢xy˙ x y˙)0 0 0 0
⇣
 2y˙
⌘
0
0
0 0 0 0 0
 
 2z˙
 
0
37777777777777777777777775
(6.5)
6.5 Pseudo Monte Carlo Versus Regular Monte Carlo
Pseudo Monte Carlo yields a comparable estimate of collision probability to that obtained by
regular Monte Carlo. The solution obtained by the fast Monte Carlo algorithm can vary depending
on the method used to find the distance at closest approach as well as the step size used. A coelliptic
flyby was simulated for spacecraft in low Earth orbit (LEO). The overhead flyby distance is 100m,
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and the Inspector is initially directly above the RSO. The initial covariance is given by Eq. (6.5)
and Table 6.7, Monte Carlo was performed using 5,000 samples, and the combined hardbody of the
spacecraft is 25m. The scenario was run for one orbit period. As can be seen by Figure 6.5 when a
simple grid search is used to find the closest approach distance the two Monte Carlo methods yield
identical results for small time steps. The same case is also ran again using the built in MATLAB
function fminbnd() to compute the point of closest approach [30]. All Monte Carlo results show the
estimated probability and the 99% confidence interval. The interval is always indicated by a pair
of dashed lines representing the upper and lower limits of the interval. All Monte Carlo results will
show both the collision probability estimate and the confidence interval.
The computation time required is summarized in Figure 6.6. The method to obtain the
point of closest approach using the built in MATLAB function is not dependent on the size of the
time step, but was displayed on the figure anyway. As the propagation time step,  t, is reduced
the number of collisions detected by each method all converge to the same correct value. Regular
Monte Carlo nears this correct value when a time step of about  t = 44.7 s is used. Pseudo Monte
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Figure 6.5: Probability of collision for Pseudo Monte Carlo and regular Monte Carlo. The orbit is
an overhead flyby with a flyby distance of 100m. The spacecraft is initially directly overhead. 5000
Monte Carlo samples were taken to compute the probability.
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Figure 6.6: Computation time for Monte Carlo methods for an overhead pass plotted as a function
of the step size. 5000 Monte Carlo samples were taken to compute the probability.
Carlo using either of the methods for determining the point of closest approach offer great speed
improvements over the regular Monte Carlo algorithm when this step size of 44.7 seconds or larger
is used. The grid search method is over an order of magnitude faster than the regular Monte Carlo
algorithm for small step sizes,  t < 50 sec. Additionally, it can be seen that Pseudo Monte Carlo
using a grid search works better than fminbnd() only when  t > 200 sec.
The computation time for the Pseudo Monte Carlo and regular Monte Carlo algorithms for
a variety of orbit scenarios are compared in sections that follow. It can be seen that Pseudo Monte
Carlo offers significant speed improvements over regular Monte Carlo.
6.6 Patera’s Algorithm
In this section Patera’s algorithm is compared against Monte Carlo for a variety of orbit
scenarios. Comparisons are drawn in terms of speed, accuracy and robustness for each orbit con-
sidered. All scenarios are run for one orbit period with a  t = 100m, the initial covariance is given
by Eq. (6.5) and Table 6.7. The spacecraft are in LEO and have a combined hardbody radius
of 25m. All Monte Carlo results show the estimated probability and the 99% confidence interval.
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The interval is always indicated by a pair of dashed lines representing the upper and lower limits
of the interval. All Monte Carlo results will show both the collision probability estimate and the
confidence interval.
6.6.1 Football Orbits
Several scenarios involving football orbits as shown in Figure 6.1 are considered.
In the first scenario a football orbit is considered where the center of the ellipse is held at
the origin, and the semi-major axis of the ellipse is allowed to vary. The probability of collision is
calculated using 50, 000 Monte Carlo samples and is shown in Figure 6.7. Patera’s algorithm agrees
to within an order of magnitude of Monte Carlo. As the semi-major axis increases the probability of
collision becomes increasingly difficult to calculate using Monte Carlo because the required number
of samples increases exponentially. In Figure 6.8 the probability of collision is calculated using
500, 000 Monte Carlo samples. It is very difficult to compare Monte Carlo and Patera’s algorithm
using a standard desktop computer after the mean probability falls below 10 3%. It can be seen that
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Figure 6.7: The probability of collision for a football orbit centered about the origin. The semi-
major axis, ae, is varied from 10m to 1255m. 50, 000 Monte Carlo samples were taken to compute
the collision probability.
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Figure 6.8: The probability of collision for a football orbit centered about the origin. The semi-major
axis, ae, is varied from 1255m to 2180m. 500, 000 Monte Carlo samples were taken to compute the
probability.
up until that point Patera’s algorithm matches well with Monte Carlo. The time to run Patera’s
algorithm does not increase for situations in which the probability of collision is low as it does for
Monte Carlo. The computation time to run the algorithms are shown in Figure 6.9. Computation
times for Patera’s method and each Monte Carlo method, using 50, 000 samples, are also plotted.
Patera’s algorithm is multiple orders of magnitude more efficient to calculate. Figure 6.10 shows the
orbit geometry indices for this scenario. As both the linearity index and the velocity index decrease,
the accuracy of the estimate obtained by Patera’s algorithm increases. This is the expected result.
Neither the linearity index nor the dynamic index is affected by changing the semi-major axis, ae,
of the football orbit.
In the next scenario a football orbit is considered where the center of the ellipse is held at
yd = 1000m in the downrange direction, and the semi-major axis of the ellipse is allowed to vary.
The probability of collision is calculated using 50, 000 Monte Carlo samples and is shown in Figure
6.11. The collision metrics are also estimated using 500, 000Monte Carlo samples as shown in Figure
6.12. For orbits involving small semi-major axis Patera’s algorithm yields a poor estimate. As is
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Figure 6.9: Time to compute collision probability metrics plotted as a function of the semi-major
axis of the football orbit. Results for Monte Carlo , using 50, 000 samples, are also plotted.
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Figure 6.10: Orbit geometry indices for a football orbit centered about the origin. The semi-major
axis, ae, is varied from 10m to 1255m.
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Figure 6.11: The probability of collision for a football orbit centered at yd = 1000m. The semi-major
axis, ae, is varied from 10m to 1255m. Monte Carlo used 50, 000 samples .
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Figure 6.12: The probability of collision for a football orbit centered at yd = 1000m. The semi-major
axis, ae, is varied from 1255m to 2800m. Monte Carlo used 500, 000 samples .
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expected, the estimated collision probability increases for both metrics as the semi-major axis of the
ellipse approaches 1000m, or at which point the nominal trajectory is on a collision course. As the
semi major axis increase Patera’s algorithm agrees more closely to Monte Carlo. The computation
time to run the algorithms is shown in Figure 6.13. Computation times for Patera’s method and
each Monte Carlo method, using 50, 000 samples, are also plotted. Patera’s algorithm is orders
of magnitude more efficient to calculate. Figure 6.14 shows the orbit geometry indices for this
scenario. The thinness index increases as the Inspectors nominal trajectory approaches the RSO.
The velocity index decreases substantially through the course of the orbit. This also coincides with
an improved estimate obtained by Patera’s algorithm. Neither the linearity index nor the dynamic
index is affected by changing the semi-major axis, ae, of the football orbit.
In this last football orbit scenario, a football orbit with a semi-major axis of 750m was
considered where the center of the ellipse was held at the origin, and the initial downrange error
was allowed to vary. The probability of collision was calculated using 500, 000 Monte Carlo samples
shown in Figure 6.15. Patera’s algorithm yields a very good estimate for cases where the initial
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Figure 6.13: Time to compute collision probability metrics plotted as a function of the semi-major
axis of the football orbit. Computation times for each Monte Carlo method, using 50, 000 samples,
are also plotted.
60
200 400 600 800 1000 120010
-3
10-2
10-1
100
101
102
103
ae [m]
M
ax
In
de
x
V
al
ue
Linearity
Thinness
Dynamic
Velocity
Figure 6.14: Orbit geometry indices for a football orbit centered at yd = 1000m. The semi-major
axis, ae, is varied from 10m to 1255m.
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Figure 6.15: Collision probability for football orbit centered about the origin with 750m semi-major
axis. Initial downrange error, edr, varies from 1m to 100m. Monte Carlo used 500, 000 samples.
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downrange error is very small. Comparing Figure 6.15 to Figure 6.16 it can be seen that as the
dynamic index increases the estimate of collision probability worsens. The same trend applies for
the thinness index. Neither the linearity index nor the velocity index is affected by the increasing
downrange error, edr.
6.6.2 Coelliptic Flyby
An overhead coelliptic flyby orbit is considered next where the nominal flyby altitude is
allowed to vary. The Inspector is given an initial position directly above the RSO. The probability
of collision is calculated using 50, 000 Monte Carlo samples and is shown in Figure 6.17. Patera’s
algorithm agrees within an order of magnitude to Monte Carlo. As the miss distance increases
the probability of collision becomes increasingly difficult to calculate because the number of Monte
Carlo samples required increases exponentially. In Figure 6.18 the collision probability is calculated
using 500, 000 Monte Carlo samples. It can be seen that it is very difficult to compare Monte Carlo
and Patera’s algorithm after the mean probability falls below 10 3%. Up until that point Patera’s
algorithm matches well with Monte Carlo. In fact, as the miss altitude increases the effectiveness of
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Figure 6.16: Orbit geometry indices for a football orbit with a semi-major axis of 750m centered
about the origin. The initial downrange error, edr, is varied from 1m to 100m.
62
101 102
10-3
10-2
10-1
100
101
xd [m]
C
ol
li
si
on
P
ro
ba
bi
li
ty
[%
]
Monte Carlo
Pseudo Monte Carlo
Patera
Figure 6.17: Collision probability for a coelliptic flyby orbit with zero downrange initial position.
The altitude, xd, varies from 10m to 355m. Monte Carlo used 50, 000 samples.
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Figure 6.18: Collision probability for a coelliptic flyby orbit with zero downrange initial position.
The altitude, xd, varies from 355m to 515m. Monte Carlo used 500, 000 samples.
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Patera’s algorithm also increases. The computation time to run the algorithms is shown in Figure
6.19. Computation times for Patera’s method and each Monte Carlo method, using 50, 000 samples,
are also plotted. Patera’s algorithm is orders of magnitude more efficient to calculate. Figure 6.20
shows the orbit geometry indices for this scenario. As both the linearity index and the velocity index
decreases the accuracy of the estimate obtained by Patera’s algorithm increases. The dynamic index
is not affected by changing the flyby altitude, xd. The linearity index could not be plotted on the
log scale plot because its value is zero.
6.6.3 Stationkeeping Orbit
Next, a stationkeeping orbit is considered where the location in the downrange, yd0, is
allowed to vary. If the initial velocity is zero, Patera’s algorithm will erroneously estimate the
probability of collision to be zero since the hardbody must be projected onto the encounter plane,
which does not exist when the velocity is zero. Thus, it is necessary to give the Inspector a small
initial velocity.
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Figure 6.19: Time to compute collision probability metrics plotted as a function of the flyby altitude
in meters. Computation times for Patera’s method and each Monte Carlo method, using 50, 000
samples, are also plotted.
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Figure 6.20: Orbit geometry indices for a coelliptic flyby orbit with an initial Inspector position
directly above the RSO. The altitude, xd, of the Inspector is varied from 10m to 355m.
A scenario was considered in which the Inspector was given an initial vertical velocity of
1mm/s. The probability of collision, calculated using 50, 000Monte Carlo samples, is shown in Figure
6.21. The collision metrics were also estimated using 500, 000 Monte Carlo samples as shown in
Figure 6.22. Patera’s algorithm yields a poor estimate of collision probability for this stationkeeping
scenario. The computation times to run the algorithms are shown in Figure 6.23. Computation
times for Patera’s method and each Monte Carlo method, using 50, 000 samples, are also plotted.
Patera’s algorithm is orders of magnitude more efficient to calculate calculate than Monte Carlo.
Figure 6.24 shows the orbit geometry indices for this scenario. It is difficult to judge if
Patera’s algorithm yields a better result as the thinness index decreases. It should be noted that
the velocity index has a high value compared to the previous cases. It is the only case presented
here where Patera’s algorithm improves as the thinness index decreases. Neither the linearity index
nor the dynamic index are affected by the changing downrange distance , yd0. The results in Figure
6.21 were replicated in Figure 6.25 using initial vertical velocities of 10mm/s and 100mm/s. As can
be seen, Patera’s algorithm more closely matches Monte Carlo as the initial vertical velocity is
increased. The orbit geometry indices are also plotted for this case. Figure 6.26 shows that the
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Figure 6.21: Collision probability for a stationkeeping orbit. The downrange position, y0, varies
from 10m to 1200m. The initial vertical velocity is 1mm/s. Monte Carlo used 50, 000 samples.
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Figure 6.22: Collision probability for a stationkeeping orbit. The downrange position, y0, varies
from 1200m to 2200m. The initial vertical velocity is 1mm/s. Monte Carlo used 500, 000 samples.
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Figure 6.23: Time to compute collision probability metrics plotted as a function of the downrange
position for a stationkeeping orbit. The Monte Carlo methods used 50, 000 samples.
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Figure 6.24: Orbit geometry indices for a stationkeeping orbit where the downrange position, yd0,
is varied from 10m to 1255m.
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Figure 6.25: The probability of collision for a stationkeeping orbit where the Inspector is directly
downrange from the RSO. The downrange position, y0, of the Inspector is varied from 10m to
1200m. An initial vertical velocity of 10mm/s is shown on the left and 100mm/s is shown on the
right. 50, 000 Monte Carlo samples were used to calculate the collision probability.
velocity index decreases by an order of magnitude as the initial vertical velocity is increased by an
order of magnitude.
6.7 Instantaneous Metrics
In this section the instantaneous metrics are compared against Monte Carlo for a variety of
orbit scenarios. Comparisons are drawn in terms of speed, accuracy and robustness for each orbit
considered. All scenarios are run for one orbit period with a  t = 100m, the initial covariance is
given by Eq. (6.5) and Table 6.7. The spacecraft are in LEO and have a combined hardbody radius
of 25m. All Monte Carlo results show the estimated probability and the 99% confidence interval.
The interval is always indicated by a pair of dashed lines representing the upper and lower limits
of the interval. All Monte Carlo results will show both the collision probability estimate and the
confidence interval.
6.7.1 Football Orbits
In the first scenario, a football orbit was considered where the center of the ellipse was
held at the origin, and the semi-major axis of the ellipse was allowed to vary. The probability of
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Figure 6.26: Orbit geometry indices for stationkeeping orbit where the Inspector is directly down-
range from the RSO. The downrange position, y0, of the Inspector is varied from 10m to 1200m.
The initial vertical velocity is 10mm/s on the left and 100mm/s on the right. 50, 000 Monte Carlo
samples were used.
collision calculated using 50, 000 Monte Carlo is shown in Figure 6.27. The collision metrics are also
estimated using 500, 000 Monte Carlo samples and are shown in Figure 6.28. The orbit crosses
both the v-bar and the r-bar, and as a result both the vertical and horizontal projections give an
upper bound to the collision probability of 100%. Both the total projection and the Mahalanobis
distance place an upper bound on the probability of collision that are within an order of magnitude
of the upper bound of the confidence interval obtained by Monte Carlo analysis. Both of these
metrics follow the trend in collision probability for the range of values for which Monte Carlo is
effective. The Mahalanobis distance places a much lower upper bound on the probability than
the total projection does for many cases. All of the instantaneous metrics can be calculated much
quicker than Monte Carlo, Pseudo Monte Carlo, and Patera’s algorithm. This is illustrated in
Figure 6.29. Computation times for Patera’s method and each Monte Carlo method, using 50, 000
samples, are also plotted.
For the next case, a football orbit is considered where the center of the ellipse is held at
yd = 1000m in the downrange direction, and the semi-major axis of the ellipse is allowed to vary.
The probability of collision is calculated using 50, 000 Monte Carlo samples and is shown in Figure
6.30. The collision metrics are also estimated using 500, 000Monte Carlo samples as shown in Figure
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Figure 6.27: The probability of collision for a football orbit centered about the origin. The semi-
major axis, ae, is varied from 10m to 1255m. 50, 000 Monte Carlo samples were used to compute
the probability of collision.
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Figure 6.28: The probability of collision for a football orbit centered about the origin. The semi-
major axis, ae, is varied from 1255m to 2180m. 500, 000Monte Carlo samples were used to compute
the probability of collision.
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Figure 6.29: Time to compute collision probability metrics plotted as a function of the semi-major
axis of the football orbit. 50,000 samples were used in the Monte Carlo cases plotted on the left,
and 500,000 samples where used for the Monte Carlo cases plotted on the right.
6.31. The vertical projection metric places an upper bound on collision risk at 100% for each case
that is analyzed. For cases where the semi-major axis is greater than the downrange ellipse center,
the horizontal projection also places an upper bound that is near 100%. Both the total projection
and the Mahalanobis distance follow the same general trend in collision probability. Both of these
metrics place upper bounds that are roughly within an order of magnitude of what is obtained from
Monte Carlo analysis. For values of semi-major axis where it becomes difficult to perform Monte
Carlo analysis the instantaneous metrics are capable of providing a conservative estimate that is an
improvement over that obtained from Monte Carlo. The computation time to run the algorithms
is shown in Figure 6.32. Computation times for Patera’s method and each Monte Carlo method,
using 50, 000 samples, are also plotted. The instantaneous metrics are orders of magnitude more
efficient to compute than any of the other metrics that were considered.
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Figure 6.30: Collision probability for a football orbit centered at yd = 1000m. The semi-major axis,
ae, varies from 10m to 1255m. 50, 000 Monte Carlo samples were used to compute the probability.
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Figure 6.31: Collision probability for a football orbit centered at yd = 1000m. The semi-major axis,
ae, varies from 1255m to 2800m. 500, 000 Monte Carlo samples were used.
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Figure 6.32: Time to compute collision probability metrics plotted as a function of the semi-major
axis of the football orbit. Computation times for Patera’s method and each Monte Carlo method,
using 50, 000 samples, are also plotted.
6.7.2 Coelliptic Flyby
An overhead coelliptic flyby orbit is considered where the flyby altitude is allowed to vary.
The Inspector is given an initial position directly above the RSO. The probability of collision,
calculated using 50, 000 Monte Carlo samples, is shown in Figure 6.33. The collision metrics are
also estimated using 500, 000 Monte Carlo samples and are shown in Figure 6.34. The horizontal
projection metric places the upper bound on collision probability at 100%. The vertical projection
yields an upper bound less than 100%. The Mahalanobis distance and the total projection both
yield upper bounds that are within an order of magnitude to the probability obtained using Monte
Carlo analysis. As the probability of collision decreases the instantaneous metrics become viable
options to quickly compute the probability of collision. The Mahalanobis distance and the total
projection both do a good job at follow the trends in collision probability. The computation time
to run the algorithms is shown in Figure 6.35. Computation times for Patera’s method and each
Monte Carlo method, using 50, 000 samples, are also plotted. The instantaneous metrics are orders
of magnitude more efficient to calculate.
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Figure 6.33: Collision probability for a coelliptic flyby orbit with zero downrange initial position.
The altitude, xd, varies from 10m to 355m. Monte Carlo used 50, 000 samples.
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Figure 6.34: Collision probability for a coelliptic flyby orbit with zero downrange initial position.
The altitude, xd, varies from 355m to 515m. Monte Carlo used 500, 000 samples.
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Figure 6.35: Time to compute collision probability metrics plotted as a function of the flyby altitude
in meters. Computation times for Patera’s method and each Monte Carlo method, using 50, 000
samples, are also plotted.
6.7.3 Stationkeeping Orbit
A stationkeeping orbit is considered where the Inspector downrange position, yd0, is allowed
to vary. If the initial velocity is zero, Patera’s algorithm will erroneously estimate the probability of
collision to be zero since the hardbody must be projected onto the encounter plane, which does not
exist when the velocity is zero. Thus, it is necessary to give the Inspector a small initial velocity.
A scenario was considered in which the Inspector was given an initial vertical velocity of
1mm/s. The probability of collision was calculated using 50, 000 Monte Carlo samples shown in
Figure 6.36. The collision metrics were also estimated using 500, 000 Monte Carlo samples as
shown in Figure 6.37. All of the instantaneous metrics other than the vertical projection provide an
upper bound to the collision risk that is within an order of magnitude to that obtained by Monte
Carlo. The computation time to run the algorithms is shown in Figure 6.38. Computation times
for Patera’s method and each Monte Carlo method, using 50, 000 samples, are also plotted. The
instantaneous metrics can be computed at a small fraction of the cost that the other metrics are
calculated.
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Figure 6.36: Collision probability for a stationkeeping orbit. The downrange position, y0, varies
from 10m to 1200m. The initial vertical velocity is 1mm/s. Monte Carlo used 50, 000 samples.
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Figure 6.37: Collision probability for a stationkeeping orbit. The downrange position, y0, varies
from 1200m to 2200m. The initial vertical velocity is 1mm/s. Monte Carlo used 500, 000 samples.
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Figure 6.38: Time to compute collision probability metrics plotted as a function of the semi-major
axis of the football orbit. Computation times for Patera’s method and each Monte Carlo method,
using 50, 000 samples, are also plotted.
6.8 Simulation of Real-Time Application
Test cases are included in this section that are meant to simulate an on-orbit real-time
application. All of the on-orbit cases considered are overhead passes. A step size of  t = 100m was
used for each case, the initial covariance is given by Eq. (6.5) and Table 6.7. The spacecraft are in
LEO and have a combined hardbody radius of 25m. All Monte Carlo results show the estimated
probability and the 99% confidence interval. The interval is always indicated by a pair of dashed
lines representing the upper and lower limits of the interval. All Monte Carlo results will show both
the collision probability estimate and the confidence interval. The prediction of collision probability
for one orbit ahead is calculated every ten minutes over the time period of interest. The geometry
of the coelliptic approach is shown in Figure 6.4. The covariance matrix was allowed to evolve
naturally, according to orbital dynamics, during the course of the simulation.
In this first example, a coelliptic overhead approach is considered that has an altitude of
10m. Figure 6.39 shows the probability of collision plotted as a function of the downrange position
of the Inspector when the probability is calculated. Each time the probability of collision is predicted
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Figure 6.39: Probability of collision for one orbit period recalculated every ten minutes for a coelliptic
approach with an altitude of 10m. The probability of collision is predicted over the course of 10
hours, and is plotted as a function of the downrange position of the Inspector when the probability
was predicted. Monte Carlo was performed using 50,000 samples.
for one orbit ahead. Probability estimates were calculated for a 10-hour period of coasting flight.
Monte Carlo was performed with 50,000 samples.
Patera’s algorithm yields a low estimate of collision probability because the relative velocity
between the spacecraft is low and the volume of the hardbody makes a significant contribution to
collision probability. The instantaneous metrics yield a very high upper bound to collision risk.
Monte Carlo is the best option for estimating collision probability for this scenario. The collision
probability remains relatively high throughout the simulation and as a result relatively few Monte
Carlo samples are required to obtain a sufficiently accurate estimate of collision probability.
Next, a coelliptic overhead approach is considered that has an altitude of 100m. Figure 6.40
shows the probability of collision plotted as a function of the downrange position of the Inspector
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Figure 6.40: Probability of collision for one orbit period recalculated every ten minutes for a coelliptic
approach with an altitude of 100m. The probability of collision is predicted over the course of 5
hours, and is plotted as a function of the downrange position of the Inspector when the probability
was predicted. Monte Carlo was performed using 100,000 samples.
when the probability is calculated. Each time the probability of collision is predicted for one orbit
ahead. Probability estimates were calculated for a 5-hour period of coasting flight. Monte Carlo
was performed with 100,000 samples.
The instantaneous metrics place a conservative upper bound on collision risk. The true
probability of collision obtained using Monte Carlo analysis yields a high collision risk, and as a
result the conservative upper bound obtained by using the instantaneous metrics is most likely
insufficient. Patera’s algorithm provides an improved estimate of collision. For many applications
this may be all that is required. With such a high risk of collision, depending on the computational
capabilities on-board the spacecraft, Pseudo Monte Carlo may be the best option for obtaining an
estimate of collision risk.
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In the next example, a coelliptic overhead approach is considered that has an altitude of
300m. Figure 6.41 shows the probability of collision plotted as a function of the downrange position
of the Inspector when the probability is calculated. Each time the probability of collision is predicted
for one orbit ahead. Probability estimates were calculated for a 5-hour period of coasting flight.
Monte Carlo was performed with 500,000 samples.
Both Patera’s algorithm and the Mahalanobis distance provide estimates of collision risk
that are within an order of magnitude to the true value. Due to the low probability of collision
during much of the simulation is would prove quite difficult to take enough Monte Carlo samples
on-board a spacecraft to improve the estimate obtained by Patera’s algorithm and the Mahalanobis
distance.
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Figure 6.41: Probability of collision for one orbit period recalculated every ten minutes for a coelliptic
approach with an altitude of 300m. The probability of collision is predicted over the course of 5
hours, and is plotted as a function of the downrange position of the Inspector when the probability
was predicted. Monte Carlo was performed using 500,000 samples.
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Finally, a coelliptic overhead approach is considered that has an altitude of 1000m. Figure
6.42 shows the probability of collision plotted as a function of the downrange position of the inspector
when the probability is calculated. Each time the probability of collision is predicted for one orbit
ahead. Probability estimates were calculated for a 5-hour period of coasting flight. Monte Carlo
was performed with 500,000 samples. Neither the Monte Carlo mean nor lower bound can be seen
on the log scale plot because their values remained zero over the course of the simulation. The
upper bound of the confidence interval for Monte Carlo can be seen on the plot.
The probability of collision predicted by both Patera’s method and the Mahalanobis distance
are small and agree very closely.
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Figure 6.42: Probability of collision for one orbit period recalculated every ten minutes for a coelliptic
approach with an altitude of 1000m. The probability of collision is predicted over the course of 5
hours, and is plotted as a function of the downrange position of the Inspector when the probability
was predicted. Monte Carlo was performed using 500,000 samples. The mean and lower bound to
Monte Carlo are both zero.
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Chapter 7
Conclusions
It has been shown that spacecraft collision probability can be estimated in a robust and
efficient manner. For situations in which the probability of collision is low a simple instantaneous
metric can be used to place an upper bound on collision probability that for most test cases bounded
the collision probability to within an order of magnitude of the mean value obtained by Monte Carlo
analysis. The Mahalanobis distance is the most accurate of the instantaneous metrics considered.
The horizontal and vertical projection metrics place an upper bound on the total probability of
collision that are typically much higher than the upper bound imposed by either the line-of-sight
projection metric or Mahalanobis distance. The improved estimate offered by both line-of-sight
projection metric and Mahalanobis distance significantly outweighs the increased computational
cost. The time required to compute either the Mahalanobis distance or the line-of-sight projection
metric is small, and it is very feasible to compute these metrics on-board a spacecraft. As a result
the Mahalanobis distance is best suited to implement on-board a spacecraft. It provides the greatest
accuracy at an acceptable computational cost.
For situations in which the conservative estimate obtained by computing the Mahalanobis
distance is too high, it may be desirable to obtain a better estimate using Monte Carlo analysis. The
desire and need to perform Monte Carlo analysis is driven by the value of the conservative estimate
obtained by computing the Mahalanobis distance and the available computational resources. For
situations where Monte Carlo analysis is required to obtain a more accurate estimate, Pseudo
Monte Carlo analysis can be performed with roughly a tenth the computational requirements of
regular Monte Carlo. For certain situation, and depending on the computational capabilities of the
spacecraft, if the Mahalanobis distance does not bound the collision probability to an acceptable
level, it may be unfeasible to sufficiently estimate the collision probability using Monte Carlo.
However for the majority of orbit scenarios this will be possible and it is certainly feasible to
perform this analysis on the ground.
Patera’s algorithm can be useful for computing collision probability for thin orbits where
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the relative velocity between the spacecraft is relatively high. For certain situations the estimate
obtained using Patera’s algorithm varies significantly from Monte Carlo and therefore can not
be confidently utilized for an arbitrary curvilinear orbit. This typically occurs when the relative
velocity is low or the separation between the spacecraft is small relative to their hardbody sizes.
Patera’s algorithm was shown to be sensitive to the velocity, thinness, and dynamic indices. Patera’s
algorithm yields a better estimate for situations in which each of these metrics are small. The
algorithm seems to be particularly sensitive to the velocity index. It was difficult to judge whether
Patera’s algorithm is sensitive to the linearity index because the index remained constant for a given
orbit geometry.
There isn’t a single metric that is suitable for predicting satellite collision probability for all
situations. For the majority of real world encounters the probability of collision can be estimated
accurately and efficiently by using a combination of metrics arranged in a hierarchy as shown in
Figure 7.1. The Mahalanobis distance should be computed first. If the upper bound placed by
this metric is insufficient then two possible options exist. First, if the orbit geometry indices,
particularly the velocity and thinness indices, indicate a favorable orbit geometry for computing
Patera’s method, then his method should be applied. Even though the orbit geometry indices
indicate that Patera’s algorithm is a good fit, the acceptable value of collision probability should
still allow for a fair amount of error in the estimate. If the orbit geometry indices do not indicate a
favorable geometry then Pseudo Monte Carlo analysis should be performed to obtain an estimate of
collision probability. A confidence interval should then be computed based upon the results of the
Pseudo Monte Carlo analysis, and the value of the upper bound should be checked to ensure that
it is acceptable. By using a combination of metrics both accuracy and computational efficiency can
be achieved.
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Figure 7.1: Combined algorithm for computing collision probability.
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Chapter 8
Future Work
Many more areas of research can still be explored with regard to collision probability esti-
mation for orbit rendezvous and proximity operations. Other methods similar to Patera’s algorithm
can be examined to see if they provide an improved estimate. The orbit geometry measurement
indices can be further examined to determine if threshold values exist for which Patera’s algorithm
will yield a satisfactory estimate. The minimum search algorithm utilized by Pseudo Monte Carlo
can be modified to more quickly obtain the point of closest approach. This search algorithm ac-
counts for the majority of the computation time in Pseudo Monte Carlo. Orbital mechanics may
be further utilized to make this possible. An improved interpolation technique for detecting colli-
sions may be developed that would allow for larger step sizes to be utilized when performing Monte
Carlo analysis. Modifications can be introduced into the algorithms to account for non-spherical
hardbodies. Additional work can be done to extend the algorithm to more than two satellites. Also
work can be conducted to look at the long-term evolution of satellite formations and how collision
risk assessment should be performed. Covariance analysis can be utilized to include considerations
for guidance and control.
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